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A CALCULATION OF L-SERIES IN TERMS OF
JACOBI SUMS
A. A´LVAREZ∗
Abstract. Let us consider a cyclic extension of a function field
defined over a finite field. For a character (non-trivial) of this
extension, we calculate, as a linear combinations of products of Ja-
cobi sums, the coefficients of the polynomial given by its Dirichtlet
L-series. In the last section we show applications of this calcula-
tion.
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1. Introduction
In [W] it is proved that the Hasse-Weil zeta function for Fermat
curves has an analytic continuation to the whole complex plane. It is
possible because these curves are abelian coverings of the projective
line, ramified at three points, and hence it is deduced that the p-local
terms of theirs Hasse-Weil zeta functions are L-series associated with
a Hecke characters which came from a Jacobi sums.
MSC: 11G20, 14G10
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If we have cyclic ramified coverings of a smooth curve, defined over
finite fields, then the L-series associated with the characters (non triv-
ial) for these coverings are polynomials. In [D], it is proved that the
constant term of these polynomials is given by Jacobi sums. By us-
ing an elementary method, in [A] another proof of this result can be
obtained.
In this article we calculate, in terms of Jacobi sums, the coefficients of
these polynomials. We shall show that these coefficients are explicitly
given by linear combinations of products of Jacobi sums.
In the last section, we provide some applications of this calculation.
Thus, we find formulas similar to the Deuring polynomial and those
of [B] in Chapter 5 but in characteristic 0. Moreover, in characteristic
p these formulas are more explicit. This is because Jacobi sums are
combinatorial numbers in mod p. From these calculations, we associate
with each finite field Fq a Hermitian form such that its rank and its
index determine the amount of λ ∈ Fq, for which elliptic curves y2 =
x(x − 1)(x − λ) are supersingular and the cardinal of theirs rational
points are greater than q + 1, respectively.
2. Previous notation and preliminaries
Let us consider the primitive n-root of the unity ǫn and a prime ideal,
p ⊂ Z[ǫn], over the prime p, prime to n, with residual field Fq, a finite
field of q = ph elements. Note that in this case n divides q − 1.
Let Y,X be smooth, proper and geometrically irreducicle curves over
the finite field Fq and let ΣY , ΣX be the function fields of Y and X ,
respectively. Now, let us consider Y → X , a ramified Galois covering
with Galois groupG := Z/n, ramified at (d+1)-different rational points
of X , T := {x0, · · · , xd}. We have that ΣY = ΣX( n
√
f). Let div(f) be
the principal divisor associated with f ∈ ΣX . We can choose f such
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that div(f) = n0 · x0+ · · ·+nd · xd+n ·D, with 0 < ni < n, and where
D is a divisor on X (note that n0+ · · ·+nd ≡ 0modn). We denote by
k(xi) the residual field of xi.
We consider the effective divisors E := x0 + x1 + · · · + xd, E ′ :=
x1 + · · ·+ xd and by m, m′ the ideals in OX associated with E and E ′,
respectively. We also denote T ′ := {x1, · · · , xd}. An m-level structure
over X is a pair (L, ιm), where L is a line bundle over X and ιm : L→
OX/m is an surjective morphism of OX -modules. We say that two
level structures (L, ιm) and (L
′, ι′
m
) are isomorphic when there exists an
isomorphism of OX -modules τ : L→ L′ such that ι′m · τ = ιm.
It is not hard to see that the tensor product defines a group law
for the level structures. We denote by Pic0X,m(Fq) the group of level
structures (L, ιm), where deg(L) = 0. Moreover, by considering the
morphism of forgetting ιm, θ(L, ιm) = L, we have that
Ker(θ) = (OX/m)×/F×q
and hence, we obtain an exact sequence of groups
1→ k(x0)× × · · · × k(xd)×/F×q η→ Pic0X,m(Fq) θ→ Pic0X(Fq)→ 1.
By class field theory, [S] VI, since ΣX(
n
√
f)/ΣX is a cyclic extension
of group G, ramified at T , there exists a surjective morphism of groups
ρ : Pic0Xm(Fq)→ G. If g ∈ Pic0X,m(Fq), then ρ(g)( n
√
f) = λ · ( n√f) with
λ ∈ F×q . We define the character χf of Pic0X,m(Fq) by χf(g) =: χ
q−1
n
q (λ),
χq being the Teichmuller character: if λ ∈ Fq, then we set the (q − 1)-
root of the unity, χq(λ) ∈ Z[ǫq−1], by the condition χq(λ) ≡ λ mod p′,
by fixing p′ ⊂ Z[ǫq−1], a prime over p. Note that Z[ǫn] ⊂ Z[ǫq−1]. We
have that χq does not depend on the choice of p
′.
If we consider the injective morphism
η : k(x0)
× × · · · × k(xd)×/F×q → Pic0X,m(Fq)
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then, by denoting ai := ni
q−1
n
, (0 ≤ i ≤ d), we have that χf(η(z0, · · · , zd)) =
χ−a0q (z0) · · ·χ−adq (zd).
Now, we shall build a section for the morphism θ : Pic0X,m(Fq) →
Pic0X(Fq): Let πm : OX → OX/m be the natural epimorphism. Let
D be a divisor on X . We shall fix an m-level structure for the line
bundle OX(D). If D is an effective divisor on X with support out-
side T then by considering the natural morphisms OX(−D) → OX ,
OX → OX(D) and the level structure (OX , πm) we obtain level struc-
tures (OX(±D), π±Dm ). Similarly, if D′ = D′1−D′2 is a divisor with sup-
port away of T andD1, D2 ares effective divisors, then (OX(D′1), πD′1)⊗
(OX(−D′2), π−D
′
2
m ) gives a level structure for OX(D).
Let mx0 be the ideal associated with x0. We now consider D =
r ·x0+K with x0 /∈ supp(K) and we set tx0 a local parameter for x0. As
above, we obtain an x0-level structure, π
D
mx0
, for t−rx0 · OX(D) ≃ OX(D)
since that x0 /∈ supp(D). Thus, from the isomorphisms of OX -modules
OX(D)
t−rx0≃ t−rx0 · OX(D) and from the mx0-level structure for OX(D),
we obtain an epimorphism πDmx0 : OX(D)→ OX/mx0. For each divisor
F on X \ T ′ we denote lF
mx0
:= (OX(F ), πFmx0 × πFm′).
Example 1. If we consider X = P1, with ΣP1 = Fq(x), div(x) =
0−∞ and the local parameter x−1 for ∞, then the ∞-level structure
lr·∞∞ = (OP1(r ·∞), πr·∞∞ ) is given by πr·∞∞ : OP1(r ·∞)→ OP1/m∞, with
πr·∞∞ (x
r) = 1. Recall thatH0(P1,OP1(r·∞)) = Fq ·1⊕Fq ·x⊕· · ·⊕Fq ·xr.
Let L be a line bundle on X . By taking account the identifica-
tion HomOX(OX , L) = H0(X,L), we can consider the global sections
of L as OX -module morphisms OX → L. We define the space of m-
sections of a level structure, (L, ιm), as the subset H
0
m(X, (L, ιm)) ⊂
H0(X,L), of global sections of L, s : OX → L such that ιm · s = πm.
We have that if s, s′ ∈ H0m(X, (L, ιm)) then s − s′ ∈ H0(X,L(−E)).
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Thus, H0
m
(X, (L, ιm)) = s + H
0(X,L(−E)). We denote h0
m
(L, ιm) :=
#H0
m
(X, (L, ιm)). Note that either h
0
m
(L, ιm) = 0 or h
0
m
(L, ιm) = q
h0(L(−E)).
3. L-series
Let Fx be the Frobenius element for x ∈ X \ T . We consider the
L-series associated with the character χf ,
L(X,χf , t) =
∏
x∈|X|
(1− χf(Fx) · tdeg(x))−1,
|X| denotes the geometric point within X . If x ∈ T then we set
χf(Fx) = 0.
We consider a divisor of degree 1, D1 on X and we denote L(i) :=
L⊗OX OX(i ·D1). In [Al, 3], by using [A, 4.1.1], this L-series is calcu-
lated in terms of the m-level structures
(∗)L(X,χf , t) =
2g+d−1∑
i=0
[
∑
(L,ιm)
h0m(L(i), ιm) · χf(ρ(L, ιm))] · ti.
The second sum is over all level structures classes (L, ιm) ∈ Pic0X,m(Fq).
Note that the zeta function of Y is
Z(Y, t) = [(1− t)(1− q · t)]−1
n−1∏
j=1
L(t, χjf ).
If λ ∈ F×q and (L, ιm) is a m-level structure then (L, ιm) and (L, λ ·
ιm) are isomorphic level structures. Moreover, as OX/m ≃ k(x0) ×
OX/m′ we have that ιm = ιx0 × ιm′ with ιx0 : OX → k(x0) and ιm′ :
OX → OX/m′ epimorphisms. Thus, in the isomorphism class of a
level structure (L, ιm) we can choose the element (L, π
D
x0
× ιm′), with
L ≃ OX(D), and therefore we can fix the x0-level structure in the
classes of m-level structures. Let F be either E or E ′. We denote
OF := H
0(X, OX
OX(−F )
). Since we fix the x0-level structure, the subgroup
1×O×E′ ⊂ O×E acts transitively on the classes of m-level structures of the
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fiber θ−1(L). Recall that θ : Pic0X,m(Fq) → Pic0X(Fq) is the morphism
of forgetting level structures.
Let J be a divisor on X \ T ′. We consider the level structure lJ
m
:=
(OX(J), πJm), fixed in the above section. We denote
HJ
m
:= πJ
m
(
H0(X,OX(J))
H0(X,OX(J −E))) ⊆ OE.
Proposition 3.1. We have
L(X,χf , t) =
2g+d−1∑
i=0
[
∑
[D]
qh
0(OX(D+i·D1−E))·χf(ρ(lDm ))
∑
u
χf (η(1×u))]·ti.
The second sum is over all the classes (with the algebraic equivalence)
of divisors of degree 0, D, on X \ T ′ and the third sum is over all
u ∈ O×E′ with 1× u−1 ∈ HD+i·D1m ⊂ OE.
Proof. By considering the level structure lD+iD1
m
and bearing in mind
that if (OX(D)(i), πD+iD1x0 ×ιm′) is another level structure for OX(D)(i),
then there exists u ∈ O×E′ with πD+iD1x0 × ιm′ = (1 × u) · πD+iD1m . We
have that the L-series (*) is equal to
2g+d−1∑
i=0
[
∑
[D]
qh
0(OX(D+i·D1−E)) · χf (ρ(lDm ))
∑
u
χf (η(1× u))] · ti,
where the third sum is over all u ∈ O×E′ with h0m((1 × u) · lD+iD1m ) 6= 0,
and in these cases, h0m((1× u) · lD+iD1m ) = qh0(OX(D+i·D1−E)). Note that
we have fixed the x0-level structure in the classes of m-level structures.
To conclude, it suffices to prove that h0
m
((1× u) · lD+iD1
m
) 6= 0 if and
only if 1 × u−1 ∈ HD+i·D1m . If h0m((1 × u) · lD+iD1m ) 6= 0 then there
exists s ∈ H0(X,OX(D)(i)) such that the OX -module morphism s :
OX → OX(D)(i) satisfies (1 × u) · πD+iD1m · s = πm. Therefore, (1 ×
u) · πD+iD1m (s) = 1. Conversely, if 1 × u−1 ∈ HD+i·D1m there exists
s ∈ H0(X,OX(D)(i)) with 1×u−1 = πD+iD1m (s). Thus, s ∈ H0m(X, (1×
u) · lD+iD1m ) and we conclude. 
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Example 2. As in Example 1, we consider X = P1, the line bun-
dle OP1(r · ∞), E := ∞ + x1 + · · · + xd, with r ≤ d − 1, and f the
polynomial of degree d, p(x), where x1, · · · , xd are given by the roots
of this polynomial. We consider the m-level structure lr·∞
m
; recall that
over m′ this level structure is obtained from the natural injective mor-
phism OP1 → OP1(r ·∞) and over ∞ it is given by πr·∞∞ by considering
πr·∞∞ (x
r) = 1(Example 1). In this way, the subspace
Hr·∞m := π
r·∞
m (
H0(P1,OP1(r · ∞))
H0(P1,OP1(r · ∞ − E))
) ⊆ OE = Fq × Fq[x]
p(x)
is {((h(x)
xr
)x=∞, h(x)) with deg(h(x)) ≤ r}. Therefore, 1× u(x) ∈ Hr·∞m
if and only if deg(u(x)) = r and u(x) is monic.
4. Jacobi sums and L-series
Let us consider the linear form ωd(z) = γ1 · z1 + · · · + γd · zd + γ,
where γ1, · · · , γd, γ ∈ Fq and z := (z1, · · · , zd) ∈ Fdq with d ≥ 2. We
define the Jacobi sum with (a) = (a1, · · · , ad) ∈ Zd, by
J (a)ωd :=
∑
z, ωd(z)=0
χa1q (z1) · · ·χadq (zd) ∈ Z[ǫq−1].
When zi = 0, we set χ
ai
q (zi) = 0. The definition of the Teichmuller
character, χq, is given in section 2.
Let Hdr ⊂ Fdq be an affine subvariety of dimension r. We define
J
(a)
Hdr
:=
∑
z∈Hdr
χa1q (z1) · · ·χadq (zd).
We also define J (a) = (−1)d−1∑z1+···+zd+1=0 χa1q (z1) · · ·χadq (zd).
Note, that J
(a)
Hdr
is defined for ai mod (q − 1), thus, we can consider
|ai| ≤ q − 1.
We can assume, by reordering the entries if necessary, that the r-
dimensional affine variety Hdr ⊂ Fdq is given by the equations
{ωr+1(z) = 0, · · · , ωd(z) = 0}
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with ωk(z) = −
∑r
j=1 αkjzj + zk − αk, and r + 1 ≤ k ≤ d.
Lemma 4.1. Let us consider (z1, · · · , zr) ∈ Frq, with zi 6= 0. We have
the equality
χakq (αk1 · z1 + · · ·+ αkr · zr + αk) =
(q − 1)−r
∑
0≤i1,··· ,ir≤q−2
χi1q (z1) · · ·χirq (zr) · J (−i1,··· ,−ir ,ak)ωk
Proof. It suffices to consider the system of (q − 1)r-linear equations,
with variables Xi1···ir
χakq (αk1 · z1 + · · ·+ αkr · zr + αk) =∑
0≤i1,··· ,ir≤q−2
Xi1···ir · χi1q (z1) · · ·χirq (zr),
where (z1, · · · , zr) ∈ (F×q )r, and the equality
J (−i1,··· ,−ir ,ak)ωk =∑
(z1,··· ,zr)∈Frq
χ−i1q (z1) · · ·χ−irq (zr)χakq (αk1 · z1 + · · ·+ αkr · zr + αk).

Lemma 4.2. With the above notations, we have that
(q − 1)r(d−r−1)J (a)
Hdr
=
∑
[J (i
r+2
1
+···+id
1
+a1,··· ,i
r+2
r +···+i
d
r+ar ,ar+1)
ωr+1
·
d∏
k=r+2
J (−i
k
1
,··· ,−ikr ,ak)
ωk
]
where the sum is over all 0 ≤ iks ≤ q − 2, with 1 ≤ s ≤ r.
Proof. From the above Lemma we have that
χadq (αd1 · z1 + · · ·+ αdr · zr + αd) =
(q − 1)−r
∑
0≤id
1
,··· ,idr≤q−2
χi
d
1
q (z1) · · ·χi
d
r
q (zr) · J (−i
d
1 ,··· ,−i
d
r ,ad)
ωk
.
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With using this equality, by replacing zd by αd1 ·z1+ · · ·+αdr ·zr+αd
in (q − 1)rJ (a)
Hdr
:= (q − 1)r ∑
z∈Hdr
χa1q (z1) · · ·χadq (zd), we obtain
∑
z1,··· ,zd−1
χa1+i
d
1
q (z1) · · ·χar+i
d
r
q (zr)·χar+2q (zr+1) · · ·χad−1q (zd−1)·J (−i
d
1,−··· ,−i
d
r ,ad)
ωd
.
The sum is over the affine space within Fd−1q defined by
{(z1, · · · , zd−1)|ωr+1(z1, · · · , zd−1) = 0, · · · , ωd−1(z1, · · · , zd−1) = 0}.
We prove the Lemma by repeating this process with zd−1, · · · , zr+2
and by considering, in the last step, the Jacobi sums
J (i
r+2
1
+···+id
1
+a1,··· ,i
r+2
r +···+i
d
r+ar ,ar+1)
ωr+1
.

Remark 4.1. Note that for r = d − 1, we have the formula J (a)
Hd
d−1
=
J
(a1,··· ,ad)
ωd .
We denote by Q : OE = Fq×OE′ → OE′ (k(∞) ≃ Fq) the projection
morphism. Note that 1 × u ∈ HD+i·D1
m
⊂ Fq × OE′ if and only if
u ∈ HD+i·D1
m
:= Q[(1 × OE′) ∩ HD+i·D1m ] ⊂ OE′ ≃ Fdq . In the next
Theorem, we follow the notation of Proposition 3.1. We denote r :=
h0(OX(D+i·D1−E)), where (a) := (a1, · · · , ad), ai := ni q−1n , 1 ≤ i ≤ d,
and the ni’s are introduced in section 2.
Theorem 1. We have
L(X,χf , t) =
∑
[D]
χf(ρ(l
D
m
))[
2g+d−1∑
i=0
qh
0(OX (D+i·D1−E))J
(a)
H
D+i·D1
m
· ti].
The sum is over all the classes (with the algebraic equivalence) of divi-
sors of degree 0, D, on X \ T ′. Moreover, (q − 1)r(d−r−1)J (a)
H
D+i·D1
m
can
be expressed as a sum of products of (d− r) Jacobi sums.
Proof. For the first assertion it suffices to bear in mind Proposition
3.1. By considering the isomorphism O×E′ ≃ F×q
d× · · ·× F×q and that
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χf(η(1, u
−1
1 · · · , u−1d )) = χa1q (u1) · · ·χadq (ud) we obtain,∑
u∈H
D+i·D1
m
χf(η(1× u−1)) = J (a)
H
D+i·D1
m
.
The last assertions follows from Lemma 4.2. 
Let F be an algebraic closure of Fq. We have that
(Pic0Y (F))
∨ := Hom(Pic0Y (F),Q/Z) ≃ Ẑ2pi(p) × Ẑδp,
π being the genus of the curve Y and δ ∈ N with δ ≤ π, Ẑ(p) and
Ẑp denote the completion of Z along the primes of Z \ {p} and p,
respectively. We have the decomposition into eigenspaces
(Pic0Y (F))
∨ = ⊕0≤j≤n−1(Pic0Y (F))χ
j
f .
Since n|q − 1 we have that the q-Frobenius morphism, Fq, is a Ẑ[ǫn]-
endomorphism in each eigenspace (Pic0Y (F))
χ
j
f . We consider the en-
domorphism Lq := Fq − Id. Its characteristic polynomial satisfies
det(t− Lq) = L(X,χjf , (t+ 1)−1)(t+ 1)e with e := 2g + d− 1.
We define the k-fitting ideal for the endomorphism
Lq : (Pic
0
Y (F))
χf → (Pic0Y (F))χf ,
Ik(Fq), as the annihilator ideal of the Z-module Coker
χf (
∧e−k Fq). Be-
cause the coefficient of tk of det(t−Lq) is the trace of
∧e−k Fq, we have
that this coefficient annihilates the Z-module Cokerχf (
∧e−k Fq), and
hence from Theorem 1 we obtain:
Corollary 4.3. Bearing in mind the above notations, we have that∑
[D]
χf(ρ(l
D
m
))[
e∑
i=k
qh
0(OX(D+i·D1−E))J
(a)
H
D+i·D1
m
· (e− i)[k]] ∈ Ik(Fq),
where (e− i)[k] := (e− i)(e− i− 1) · · · (e− i− k + 1), (e− i)[0] := 1
and the sum is over all the classes (with the algebraic equivalence) of
divisors of degree 0, D, on X \ T ′. Moreover, (q − 1)r(d−r−1)J (a)
H
D+i·D1
m
can be expressed as a sum of products of Jacobi sums.
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For X = P1q, the projective line over Fq, and the ideal m = (x(x −
1)(x− α3) · · · (x− αd)) ·m∞, we denote Hr·∞m by H
r·∞
.
Corollary 4.4. When X = P1q, by following the notation of Example
2, we have that
L(P1q , χf , t) =
d−1∑
r=0
J
(a)
H
r·∞ · tr,
whereH
r·∞
= {v(x)} ⊂ Fq[x]
p(x)
and {v(x)} is the set of monic polynomials
of degree r. Moreover, (q − 1)r(d−r−1) · J (a)
H
r·∞ is a sum of products of
(d− r) Jacobi sums.
Proof. By taking D1 =∞, this follows from Proposition 3.1, Example
2 and Theorem 1. 
In the case of J
(a)
H
1·∞ we can make a more explicit calculation than
that made in Theorem 1. This calculation will be made in the next
section.
5. Explicit Calculations and Aplications
Bearing in mind Corollary 4.4, we consider the L-series,
L(P1q , χf , t) =
d−1∑
r=0
J
(a)
H
r·∞ · tr,
where f := (x − α1)n1 · · · (x − αd)nd with α1 = 0 and α2 = 1. We
find a formula for the coefficients J
(a)
H
r·∞ by expressing them as linear
combinations of products of Jacobi sums J (u1,··· ,ur,b) and terms χq(αi−
αj). We also find applications of this result.
In the following Theorem we denote
Cir+2
1
,ir+2
2
,··· ,idr
:= (−1)r(d−r)+a1+···+ad
∏
1≤l≤r
(αl−αr+1)i
r+2
l
+···+id
l
r+1∏
l,j=1,(j 6=l)
(αj−αl)aj ·
·
d∏
k=r+2
(−1)ak [
r∏
j=1
(αj − αk)ak−ikj ]
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Theorem 2. We have that
(q − 1)r(d−r−1)J (a)
H
r·∞
α1,··· ,αd
=
∑
[χq(Cir+2
1
,ir+2
2
,··· ,idr
)·J (ir+21 +···+id1+a1,··· ,ir+2r +···+idr+ar ,ar+1)·
d∏
k=r+2
J (−i
k
1 ,··· ,−i
k
r ,ak)]
where the sum is over all 0 ≤ ir+21 , ir+22 , · · · , idr ≤ q − 2.
Proof. By using the notation of Corollary 4.4, if we have that
A1+A2x+· · ·+Arxr−1+xr ∈ Hr·∞ ⊆ Fq[x]
p(x)
≃ Fq[x]
(x− α1)×· · ·×
Fq[x]
(x− αd) ≃ F
d
q ,
with α1 = 0, α2 = 1 then the vectors (z1, · · · , zd) ∈ Hr·∞ ⊆ Fdq is given
by the d-linear equations
A1 + A2α1 + · · ·+ Arαr−11 + αr1 = z1
·
·
·
A1 + A2αd + · · ·+ Arαr−1d + αrd = zd
.
From the first r equations we obtain for 1 ≤ j ≤ r
Aj =
∣∣∣∣∣∣∣∣∣
1 α1 · · ·
j
z1 − αr1 · · · αr−11
· · · · · · · · · ·
· · · · · · · · · ·
1 αr · · · zr − αrr · · · αr−1r
∣∣∣∣∣∣∣∣∣
V (α1, · · · , αr)
where V (α1, · · · , αr) denotes the Vandermonde determinant∣∣∣∣∣∣∣∣
1 α1 · · · αr−11
· · · · · ·
· · · · · ·
1 αr · · · αr−1r
∣∣∣∣∣∣∣∣ .
We also denote by V hj the Vandermonde determinant V (α1, · · · , αr)
without the h-row and j-column. By developing the determinant of
the denominator of Aj by the j-column we obtain
Aj =
(−1)j+1z1V 1j + · · ·+ (−1)j+rzrV rj + (−1)r−jV (α1, · · · , αr)
V (α1, · · · , αr) .
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By replacing the values of the Aj in the last (d− r) equations of the
above d-linear system of equations, we obtain for 1 ≤ j ≤ d − r, the
equations:
z1V (α2, · · · , αr, αr+j)+z2V (α1, α3, · · ·αr, αr+j)+· · ·+zrV (α1, · · · , αr−1, αr+j)+
+zr+jV (α1, · · · , αr) + V (α1, · · · , αr, αr+j) = 0.
Bearing in mind that
V (α1,··· ,
∧
αi,··· ,αr ,αr+j)
V (α1,··· ,αr,αr+j)
= −∏h(αi − αh) where this
product is over all h ∈ {1, · · · , r, r + j} with h 6= i, from the above
equations we deduce the (d− r)-linear equations for 1 ≤ j ≤ d− r.
z1
∏
i1
(α1−αi1)−1+· · ·+zr
∏
ir
(αr−αir)−1+zr+j
∏
ir+j
(αr+j−αi)−1−1 = 0.
These products are defined over all ih ∈ {1, · · · , r, r + j}, with ih 6= h.
We denote these equations by ωr+j(z1, · · · , zd) = 0, for 1 ≤ j ≤ d− r.
By Lemma 4.2 we have
(q − 1)r(d−r−1)J (a)Hr·∞ =
∑
[J (i
r+2
1
+···+id1+a1,··· ,i
r+2
r +···+i
d
r+ar ,ar+1)
ωr+1
·
d∏
k=r+2
J (−i
k
1 ,··· ,−i
k
r ,ak)
ωk
].
Bearing in mind that Hr·∞ is given by the above (d− r)-linear equa-
tions ωr+j(z1, · · · , zd) = 0, 1 ≤ j ≤ d−r, and that if ωr+j(z1, · · · , zd) =
b1z1 + · · ·+ brzr + br+jzr+j − 1 then
J (j1,··· ,jr,a)ωr+j =
= (−1)r+j1+···+jr+aχ−j1q (b1) · · · χ−jrq (br) · χ−aq (br+j)J (j1,··· ,jr,a).
By direct calculation, using the last assertions, one concludes the
Theorem. 
For r = 1, α1 = 0 and α2 = 1, we have that
H1·∞ ⊆ Fq[x]
p(x)
≃ Fq[x]
x
× Fq[x]
(x− 1) ×
Fq[x]
(x− α3) × · · · ×
Fq[x]
(x− αd) ≃ F
d
q
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is given by the equations
(∗){(z1, z2, · · · , zd) ∈ Fd+1q with z2−z1 = 1, z3−z1 = α3, · · · , zd−z1 = αd}.
Lemma 5.1. With the above notations we have that
(q − 1)d−2(−1)d−1+a2+···+adJ (a)
H1·∞
=
=
∑
0≤i1,··· ,id≤q−2
χa3−i3q (α3) · · ·χad−idq (αd)·J (a1+i3+···+id,a2)(χq)·
d∏
k=3
J (−ik ,ak).
Proof. This results from Theorem 2 by considering r = 1, α1 = 0
and α1 = 1. It may be also deduced easily from the equations (*) of
H1·∞. 
Remark 5.1. We consider the curve yn = xa1(x − 1)a2(x − α)a3 . We
have that for f = xa1(x− 1)a2(x− α)a3
L(P1q , χf , t) = 1 + c1(α3, q)t+ c2(α3, q) · t2.
By applying Lemma 5.1, we have that
c1(α, q) = (q − 1)−1(−1)a2+a3
q−2∑
i=0
χq(α)
a3−iJ (a1+i,a2)J (−i,a3)
and, for example, by using [Al] Theorem 1, we have that the constant
term, c2(α3, q), is equal to the Jacobi sum −J (a1,a2,a3) and therefore that
L(P1q , χf , t) =
1 + [(q − 1)−1(−1)a2+a3
q−2∑
i=0
χq(α)
a3−iJ (a1+i,a2)J (−i,a3)] · t− J (a1,a2,a3) · t2
Lemma 5.2. With the above notations if a3 = a2, 2(a1 + a2) ≡ 0 mod
(q − 1) and a1 + a2 6= q − 1 then when α q−12 = −1 mod p we have that
c1(q, α) = 0.
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Proof. By considering the formula for Jacobi sums J (b,c) = J (−b−c,c) we
have that
q−2∑
i=0
χq(α)
a2−iJ (a1+i,a2)J (−i,a2) =
q−2∑
i=0
χq(α)
a2−iJ (a1+i,a2)J (i−a2,a2).
By considering j := i− a2, bearing in mind hypothesis 2(a1 + a2) ≡ 0
mod (q − 1) and a1 + a2 6= (q − 1), we have that this sum is equal to
q−2−a2∑
j=−a2
χq(α)
−jJ (j+
q−1
2
,a2)J (j,a2) =
=
q−3
2
−a2∑
j=−a2
(χq(α)
−j + χq(α)
−j+ q−1
2 )J (j+
q−1
2
,a2)J (j,a2),
and we conclude. Note that χq(α)
q−1
2 + 1 = 0 if and only if α
q−1
2 = −1
mod p 
To obtain applications for the above Lemma, we consider the curve
Y ≡ y4 = x(x − 1)(x − λ) defined over Z[i] and with genus g = 3.
Moreover, the finite field Fq will be a residual field of characteristic
p of this ring. If λ
q−1
2 = −1, then the zeta function of the quotient
variety defined over Fq, Pic
0(Y )/E, is equal to
(q−2s − J ( q−14 , q−14 , q−14 )) · (q−2s − J (− q−14 ,− q−14 ,− q−14 ))
(1− q−s)(1− q−s+1)
E being the elliptic curve y2 = x(x− 1)(x− λ).
We consider another application of Lemma 5.1. For the elliptic curve
y2 = x(x− 1)(x− λ) we have
L(P1q, χf , t) = 1 + c1(λ, q)t+ q · t2.
From Remark 5.1, we obtain
c1(λ, q) = (q − 1)−1
q−2∑
i=0
χq(λ)
q−1
2
−iJ (
q−1
2
+i, q−1
2
)J (−i,
q−1
2
).
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By using the formula J (b,c) = J (−b−c,c) again, we obtain
c1(λ, q) = (q − 1)−1
q−2∑
i=0
χq(λ)
q−1
2
−i(J (
q−1
2
+i, q−1
2
))2.
By considering a := q−1
2
and j : q−1
2
− i we have
(∗∗) c1(α, q) = (q − 1)−1
q−1
2∑
j=− q−3
2
χq(λ)
j(J (−j,
q−1
2
))2.
In this way, we have that
∏
λ∈F×q
(x − c1(λ, q)) is the characteristic
polynomial of the Hemitian matrix
(q − 1)−1


(J (1−q,a))2 (J (−1,a))2 · · · (J (2−q,a))2
(J (2−q,a))2 (J (1−q,a))2 · · · (J (3−q,a))2
· · · · · ·
(J (−1,a))2 (J (−2,a))2 · · · (J (1−q,a))2

 .
Note that this matrix is Hermitian because the conjugate of the Jacobi
sum J (b,c) is equal to J (−b,−c).
The Hermitian forms associated with the above matrix and

c1(1, q) 0 · · · 0
0 c1(2, q) · · · 0
· · · · · ·
0 0 · · · c1(q − 1, q)


are equivalent. Therefore, the signature of the form associate with the
above Hermitian matrix gives us the amount of λ ∈ F×q , such that the
cardinality of the rational number of y2 = x(x − 1)(x − λ) over Fq is
either greater or less than q+1. The rank of this matrix also gives the
amount of λ ∈ F×q for which the above curves are supersingular.
Thus, if we denote by Mj the (j × j)-minor of the above Hermitian
matrix, ∣∣∣∣∣∣
(J (1−q,a))2 · · · (J (1−j,a))2
· · · · ·
(J (j−q,a))2 · · · (J (1−q,a))2
∣∣∣∣∣∣
then the cardinal of the set of positive numbers of
{c1(q, 1), c1(q, 2), · · · , c1(q, q − 1)} and {M1, · · · ,Mq−1}
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coincides.
The following Lemma makes the formula, module p, of Theorem 2
easier. Let us consider i1, · · · , ir, b ∈ Z, with |i1|, · · · , |ir| ≤ q − 2, and
0 ≤ b ≤ q − 2.
Lemma 5.3. We have that J (−i1,··· ,−ir,b) ≡
(
b
i1 · · · ir
)
mod p if either
i1, · · · , ir ≤ b or (q − 1) + i1, · · · , (q− 1) + ir ≤ b and J (−i1,··· ,−ir,b) ≡ 0
mod p in the other cases. Here, we denote
(
b
i1 · · · ir
)
:= b!
i1!···ir !
.
Proof. It suffices bear in mind Lemma 4.1 and that χbq(z1+· · ·+zr+1) ≡
(z1 + · · ·+ zr + 1)b mod p. 
We have that, for example the elliptic curve, y2 = x(x − 1)(x − λ),
by using the formula(**) the term c1(q, λ) mod p gives the Deuring
polynomial
q−1
2∑
j=0
λj
(
q−1
2
j
)2
.
In general, if we denote
L(P1q , χf , t) = 1 + c1(α3, · · · , αd, q) · t+ · · ·+ cd−1(α3, · · · , αd, q) · td−1
then by using the above Lemma and Theorem 2 we have that, mod p,
cr(α3, · · · , αd, q), with 1 ≤ r ≤ d− 1, is equal to
∑
ir+2
1
,ir+2
2
,··· ,idr
Cir+2
1
,ir+2
2
,··· ,idr
(
ar+1
I1 · · · Ir
) d∏
k=r+2
(
ak
ik1 · · · ikr
)
.
Where (q−1)− Il is the rest mod (q−1) of ir+2l + ir+2l + · · ·+ idl +al.
The sum is over all 0 < ikl ≤ al. Note that χq(β)h = βh mod p and that
if for some 1 ≤ l ≤ r we have q − 1− Il > ar+1 then
(
ar+1
I1 · · · Ir
)
= 0.
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